Abstract. For integers a 0 , a 1 , . . . , a n with |a 0 a n | = 1 and either α = u with 1 ≤ u ≤ 50 or α = u + 1 2 with 1 ≤ u ≤ 45, we prove that ψ n (x; a 0 , a 1 , · · · , a n ) is irreducible except for an explicit finite set of pairs (u, n). Furthermore all the exceptions other than n = 2 12 , α = 89/2 are necessary. The above result with 0 ≤ α ≤ 10 is due to Filaseta, Finch and Leidy and with α ∈ {−1/2, 1/2} due to Schur.
Introduction
For positive integer n and real number α, the generalized Laguerre polynomial is given by n (x) and the difference equation
n−1 (x). They have been studied in various branches of mathematics and mathematical physics and there is an extensive literature on them, see [16] . Schur [15] , [14] was the first to establish interesting and important algebraic properties of these polynomials. In particular, the irreducibility of these polynomials has been well investigated, see [9] for an account of results in this connection. Filaseta, Finch and Leidy [4] showed that L (α) n (x) is irreducible for all n and integers α with 0 ≤ α ≤ 10 except when (n, α) ∈ {(2, 2), (4, 5) , (2, 7) }. Laishram and Shorey [8] extended it for integers α with 0 ≤ α ≤ 50 and showed that L (α) n (x) is irreducible for all n except for n = 2, α ∈ {2, 7, 14, 23, 34, 47} and n = 4, α ∈ {5, 23} where it has a linear factor. Further explicit factorizations for these exceptions have been given. In this paper, we consider more general polynomials than L (α) n (x). By irreducibility of a polynomial, we shall always mean that it is irreducible over Q. Observe that if a polynomial of degree m has a factor of degree k, then it has also a factor of degree m − k. Therefore given a polynomial of degree m, we always consider a factor of degree k where 1 ≤ k ≤ m 2 . Let a 0 , a 1 , . . . , a n be integers with |a 0 | = |a n | = 1 and α be a rational number given by (1) . Then we define
n (x; a 0 , a 1 , . . . , a n ) = 
by (1) . We observe that n (x). Filaseta, Finch and Leidy [4] showed that ψ (α) n (x) with 0 ≤ α ≤ 10 and |a 0 a n | = 1 is irreducible for all n except (n, α) ∈ {(2, 2), (2, 7) , (4, 4) , (4, 5) , (8, 8) , (24, 8) } where ψ (α) n (x) has a linear factor. They proved that these exceptions are necessary in the sense that there exist integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ (α) n (x) has a linear factor. We extend their results for α ≤ 50. Let Ω ={ (2, 14) , (2, 23) , (2, 34) , (2, 47) , (4, 14) , (4, 20) , (4, 23) , (6, 44) , (8, 41) , (12, 24) , (16, 16) , (16, 20) , (16, 24) , (16, 29) , (24, 24), (30, 24), (32, 32), (32, 48), (40, 24), (48, 24), (112, 48), (120, 24)}. Theorem 1. Let 11 ≤ α ≤ 50 be an integer and |a 0 a n | = 1. Then ψ (α) n (x) is irreducible except when (n, α) ∈ Ω where it may have a linear factor or (n, α) = (16, 24) where it may have a quadratic factor. Further for every (n, α) ∈ Ω, there exist integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ (α) n (x) has a linear factor and further integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ (α) n (x) has a quadratic factor for (n, α) = (16, 24) . The factors for each case are given in the following table.
Table 1
(2, 34), (4, 14) , (4, 20) , (4, 23) , (12, 24) , (16, 20) Thus the exceptions in Theorem 1 are necessary.
Next we consider L (α)
n (x) and more generally ψ n (x) when α is a rational number with denominator 2.
where u is an integer. We recall that Hermite polynomials H 2n (x) and H 2n+1 (x) are given by
Schur [15] , [14] proved that
n (x 2 ) are irreducible and this implies the irreducibility of H 2n (x) and H 2n+1 (x)/x. We observe that u ∈ {−1, 0} in these results. Further, Laishram, Nair and Shorey [9] showed that L n (x) is S n except when (u, n) = (10, 3) in which case the Galois group is Z 2 .
Laishram [10] proved that the Galois group is S n when u ∈ {−1, 0}. Therefore we assume that u ≥ 1 in the proof of Theorem 2. By putting a = 1, d = 2 in (2), we have
It follows from the results of Schur on G
n (x) stated in the next section before Lemma 2.4 that ψ (α) n (x 2 ) with |a 0 | = |a n | = 1 is irreducible when u = −1 and also u = 0 unless 2n + 1 is a power of 3 where it may have a linear factor or quadratic factor. Let n (x 2 ) with |a 0 a n | = 1 is irreducible except when (u, n) ∈ Ω 1 where it may have a quadratic factor or (u, n) = (9, 4) where it may have a factor of degree 4. Further for every (u, n) ∈ Ω 1 except for (u, n) = (44, 2 12 ), there exist integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ (α) n (x 2 ) has a quadratic factor. The quadratic factors are given in the following table.
Table 2 (10, 12) , (10, 192) We have not been able to find a factorization for (u, n) = (44, 2 12 ) since n is very large. We observe that the irreducibility of ψ n (x) with |a 0 a n | = 1 is irreducible except when (u, n) ∈ Ω 1 where it may have a linear factor or (u, n) = (9, 4) where it may have a quadratic factor. Further for every (u, n) ∈ Ω 1 except for (u, n) = (44, 2 12 ), there exist integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ 
Preliminaries
The proofs of Theorems 1 and 3 depend on Newton polygons which we introduce
with a 0 a m = 0 and p be a prime number. Let S be the set of points in the extended plane
where for an integer r, we write ν(r) = ν p (r) for the highest power of p dividing r and we put ν(0) = ∞. Consider the lower edges along the convex hull of these points. The left most endpoint is (0, ν(a m )) and the right most endpoint is (m, ν(a 0 )). The endpoints of each edge belong to S and the slopes of the edges increase from left to right. When referring to the edges of a Newton polygon, we shall not allow two different edges to have the same slope. The polygonal path formed by these edges is called the Newton polygon of f (x) with respect to the prime p and we denote it by NP p (f ). The endpoints of the edges on NP p (f ) are called the vertices of NP p (f ).
By a lattice point on an edge, we mean a lattice point on the edge other than the vertices of the edge. We denote the Newton function of f with respect to the prime p as the real function f p (x) on the interval [0, m] which has the polygonal path formed by these edges as its graph. Hence f p (i) = ν(a m−i ) for i = 0, m and at all points i such that (i, ν(a m−i )) is a vertex of NP p (f ). We need the following result of Dumas [2] .
Lemma 2.1. Let g(x) and h(x) be in Z[x] with g(0)h(0) = 0 and let p be a prime. Let k be a non-negative integer such that p k divides the leading coefficient of g(x)h(x) but p k+1 does not. Then the edges of the Newton polygon for g(x)h(x) with respect to p can be formed by constructing a polygonal path beginning at (0, k) and using translates of the edges in the Newton polygons for g(x) and h(x) with respect to the prime p, using exactly one translate for each edge of the Newton polygons for g(x) and h(x). Necessarily, the translated edges are translated in such a way as to form a polygonal path with the slopes of the edges increasing.
Now we state a lemma of Filaseta [3] which is derived from Lemma 2.1. 
Next we state some earlier results on polynomials which are more general than ψ (α) n (x). When α is an integer, the polynomials ψ (α) n (x) are a special case of the following class of polynomials first considered by Schur. Let n ≥ 1, a ≥ 0 and a 0 , a 1 , . . . , a n be integers. The generalized Schur polynomials are defined as
We observe that (n + α)!f Schur [14] , [15] proved that f n (x) with α ∈ {0, 1} and |a 0 a n | = 1 is irreducible unless α = 1 and n + 1 = 2 r for some r where it may have a linear factor or n = 8 where it may have a quadratic factor. Also for α = 2 and many other values of α the polynomial f n (x) may have a linear factor. Laishram and Shorey [8] proved that
and a 0 , a 1 , . . . a n ∈ Z with |a 0 a n | = 1.
n (x) has no factor of degree k except possibly when (n, k, α) is given by k = 3, (n, α) ∈ {(7, 3), (8, 2) , (12, 4) , (46, 4), (14, 12) , (17, 11) , (53, 12)} k = 4, (n, α) ∈ {(18, 9), (18, 10), (56, 10), (16, 12) , (17, 11) , (38, 13), (39, 18)} k = 5, (n, α) ∈ {(17, 11), (19, 9), (40, 12)} and k = 2 with (n, α) satisfying
(iii) (n, α) ∈ {(112, 9), (233, 10), (234, 9)} together with the following set of pairs (n, α) given by the table: The above result on f
n (x) has a large number of exceptions especially when k = 2. Moreover it gives no information on linear factors. Hence in this paper, we consider ψ
n (x) and we get complete irreducibility results for ψ (α) n (x). Analogously we consider the polynomial G (α) n (x) which is more general than ψ (α) n (x). For integers a 0 , a 1 , . . . , a n and α given by (1), let
We observe that
n (x) when α is an integer. Let α be a rational with denominator 2. Then by (1), α = u + and
(1 + 2(u + i))).
Schur [14] , [15] proved that G n (x 2 ). We observe that in [9] the polynomials G . Let a 0 , a n ∈ A. Then G (α) n (x 2 ) has no factor of degree ≥ 3 except where (u, n) ∈ {(1, 12), (6, 7), (9, 113), (10, 3) , (21, 101)} or (u, n) ∈ S or (u, n) = (44, 79) where it may have a factor of degree 3 or 4 or 6, respectively.
The proof for the irreducibility of L
given in Section 7 of [9] based on Newton polygons is also valid for ψ
except for the pairs (u, n) ∈ T 0 where it may have a linear or quadratic factor where
9 ), (6, 2 4 ), (9, 4), (9, 2 6 ), (10, 3) , (10, 12) , (10, 24) , (10, 192) , (11, 2) 
n (x 2 ) in [9] to find that it is irreducible except at (u, n) = (10, 3). But in this case of ψ
, since a j 's are arbitrary, we cannot exclude these pairs as we did it for L . Then ψ
n (x 2 ) with |a 0 a n | = 1 has no factor of degree in {1, 2} except when (u, n) ∈ T 0 . Lemma 2.6. The diophantine equation
with gcd(x, y) = 1 and x ≤ y has exactly 545 solutions. Out of them 514 satisfy ord 2 (xyz) ≤ 12, ord 3 (xyz) ≤ 7, ord 5 (xyz) ≤ 5, ord 7 (xyz) ≤ 4, ord 11 (xyz) ≤ 3, ord 13 (xyz) ≤ 3. The remaining 31 solutions are given in [17, Table IX ]. This is due to de Weger [17] . Further we need the following result from [4, Lemma 4.1] which is a direct application of Lemma 2.1 for determining a 0 , a 1 , . . . , a n such that ψ (α) n (x) has a linear factor when (n, α) ∈ Ω.
Lemma 2.7. Let w(x) be a monic polynomial in Z[x] divisible by x − b with b ∈ Z. Let p be a prime and e be a non-negative integer for which p e b. Then NP p (w(x)) with respect to p has an edge that includes a translate of the line segment joining (0, 0) to (1, e). Also, if the right most edge has slope < 1, then necessarily e = 0. Lemma 2.8. Let p be a prime. For any integer l ≥ 1, write l in base p as l =
This is due to Legendre. For a proof, see [7, Ch.17, p 263] .
Lemma 2.9. Let r ∈ {1, 3}. The interval (x, 1.048x] contain primes congruent to r modulo 4 when x ≥ 887.
This follows from [1, Theorem 1] with k = 4.
Lemmas for the proof of Theorem 1
Let α be an integer throughout this section. We write
For the proof of Theorem 1, we need the following result which is an analogous for f
n (x) has no factor of degree k.
The proof of Lemma 3.1 is exactly same as the proof of [8, Lemma
Further we prove the following result analogus to Lemma 3.1 with k ∈ {1, 2}.
n (x) with |a 0 a n | = 1 has no factor of degree k except when k = 1, p = 3, α ∈ {24, 25} and ν 3 (n) = 1.
Proof. We use Lemma 2.2 with g(x) = g (α)
n (x), m = n, and l = k − 1 where
Clearly this is true for j = 1, 2, · · · , k by our assumption. Hence we take j > k. Since
, we have by Lemma 2.8
Hence we may suppose that j < α ≤ 50.
and therefore
). Hence we now suppose j ≤ 2ν 0 k − 2 − 2kν p ( n j
giving (8). Hence we need to consider only j = 6 and it suffices to show that
If 5 ∤ (α+1), then ν 5 (∆ j ) ≤ 2 and we are done. Hence 5|(α+1). Since ν p (α+1) ≤ ν p (n) by our assumption, we have 5|n and further
Hence we can assume that ν 3 (n) = 1 and j 0 = 1 as in the above case. This give α ∈ {24, 25} and ν 3 (n) = 1.
The sets S M for M ≤ 41 are given by tables in Lehmer [11, Table IIA] and for M = 100 by table in Luca and Najman [12] and [13] . n (x) has no factor of degree 2.
Proof. Assume that ψ (α) n (x) has a factor of degree 2. If P (n(n−1)(n+α)(n+α−1)) ≥ 53, then ψ (α) n (x) has no factor of degree 2 by Lemma 3.1. Hence we may assume that P (n(n − 1)(n + α)(n + α − 1)) ≤ 47. We refer to the tables of [12] to find n and α such that P (n(n − 1)(n + α)(n + α − 1)) ≤ 47. For these pairs (n, α), we find a prime p to apply Lemmas 3.1 and 3.2 to conclude that ψ (α) n (x) has no factor of degree 2 except for pairs (n, α) ∈ {(4, 45), (4, 46) , (6, 44) , (8, 41) , (9, 41) , (12, 43) , (16, 48) 
n (x) is given by (7) has vertices {(0, 0), (9, 5) , (12, 7)}.
We derive the different possibilities for
n (x)). If 3|a 3 , then the vertices of NP 3 (ψ n (x) has no factor of degree 2. If 3 ∤ a 3 , then the vertices of NP 3 (ψ
n (x)). Again by Lemma 2.1, ψ (α) n (x) has no factor of degree 2. Now we apply Lemma 2.2 with the following choice of primes for each of the other values of n and α to conclude that ψ n (x) has no factor of degree 2. p (n, α) 2 (4,45), (16, 48) 3 (4,46) ,(9,41) 7 (6,44), (8, 41) Denote by T the set of all triplets (n, α, k) listed in Lemma 2.3. Further we put T 1 := {(8,13,2),(6,19,2),(9,19,2),(8,20,2),(4,21,2), (12,21,2),(24,22,2),(16,24,2),(9,27,2), (18,33,2),(16,34,2),(9,40,2),(27,38,2), (14,12,3),(16,12,4) }. We observe that T 1 is a subset of T. n (x) has no factor of degree k except for (n, α, k) = (16, 24, 2).
Proof. Assume that ψ (α)
n (x) has a factor of degree k. By Lemma 3.3, we may assume that α ≤ 40 when k = 2. Since the irreducibility of f n (x) has no factor of degree k ≥ 2 except for the triplets (n, α, k) ∈ T. We consider (n, α, k) = (7, 2, 2) ∈ T. Here p = 7 divides n but does not divide (α + 1)(α + 2) = 12 and p > 2k and p 2 − p ≥ α. Now we derive from Lemma 3.1 that ψ (α) n (x) has no factor of degree 2. For (n, α, k) = (6, 3, 2) ∈ T, we are not able to find a prime p satisfying Lemma 3.1, but we apply Lemma 3.2 with p = 5 to conclude that ψ n (x) has no factor of degree 2. We apply Lemmas 3.1 and 3.2 similarly to conclude that we are left with (n, α, k) ∈ T 1 among triplets in T . Let (n, α, k) ∈ {(14, 12, 3), (16, 12, 4)}. When (n, α, k) = (14, 12, 3),
n (x)) = {(0, 0), (14, 2)} and when (n, α, k) = (16, 12, 4), we have
n (x)) = {(0, 0), (16, 15) }. Therefore these cases are excluded by Lemmas 2.2 and 2.1, respectively. We now take (n, α, k) ∈ T 1 − {(16, 24, 2)} and may suppose that k = 2. We calculate the Newton polygons for g n (x) given by (7) in each of these cases with a suitable prime so that the conditions of Lemma 2.2 are satisfied. Then we calculate the slope of the right most edge in each case. If the slope of the right most edge is < 1 2 , we exclude it by Lemma 2.2 and the cases where the slope of the right most edge is ≥ are excluded by applying Lemma 2.1. We illustrate this by some examples. Let (n, α) = (6, 19). Then the vertices for NP 3 
n (x)) are given by {(0, 0), (6, 2)} and the slope of the right most edge is
n (x) does not have a factor of degree 2 by Lemma 2.2. Let (n, α) = (9, 19). The vertices for
n (x)) are given by {(0, 0), (9, 5)}. Here NP 3 (g
n (x)) and the maximum slope is
n (x)) has only one edge with lattice points (0, 0) and (9, 5). Hence ψ (α) n (x) has no factor of degree 2 by Lemma 2.1.
For each of the following pairs of (n, α), we give a choice of a prime p for considering its Newton polygon and then we conclude as above that ψ Now it remains to consider the pair (n, α) = (8, 13). We calculate NP 7 (g (α)
n (x)) = {(0, 0), (7, 1), (8, 2)}. We consider the possibilities for NP 7 
n (x)) = {(0, 0), (7, 1), (8, 2)}. In both cases it is clear from Lemma 2.1 that ψ (α) n (x) has no factor of degree 2.
Next we formulate a computational lemma.
Lemma 3.5. Let 11 ≤ α ≤ 50 and 2 ≤ n ≤ 50. Then ψ (α) n (x) has no linear factor except for (n, α) ∈ Ω with n ≤ 50.
n (x) has a linear factor and (n, α) /
∈ Ω. First we consider α ∈ {24, 25} and ν 3 (n) = 1. Then n ∈ {3, 6, 12, 15, 21, 24, 30, 33, 39, 42, 48}. We exclude the pairs given by α = 24, n ∈ {15, 21, 33, 39, 42} and α = 25, n ∈ {3, 6, 12, 21, 24, 30, 33, 42, 48} by Lemma 3.1. Let (n, α) = (3, 24). We may assume that ψ n (x) = x 3 + 81x
n (x)) = {(0, 0), (1, 0), (3, 1)}. Since the slope of the right most edge of NP p (ψ
n (x)), we see that the slope of the right most edge of NP 2 (ψ n (x) has no linear factor when (n, α) = (3, 24). Now consider the pairs given by α = 24, n = 6 and α = 25, n ∈ {15, 39} since the remaining pairs are in Ω. These pairs are excluded by Lemma 2.2 with p = 2, (n, α) = (6, 24); p = 5, (n, α) = (15, 25) and p = 13, (n, α) = (39, 25). We may now assume that either α ∈ {24, 25}, ν 3 (n) = 1 or α / ∈ {24, 25}. All these pairs other than 52 pairs are excluded by Lemmas 3.1 or 3.2 and the 52 pairs are excluded by Lemmas 2.1 and 2.2 as in the proof of Lemma 3.4. Lemma 3.6. For (n, α) ∈ Ω, there exists a 0 , a 1 , . . . , a n ∈ Z with |a 0 | = |a n | = 1 such that ψ (α) n (x)= ψ α (x; a 0 , a 1 , . . . , a n ) has a linear factor.
Proof. Let (n, α) = (40, 24) ∈ Ω. Assume that x − b is a factor of ψ n (x) given by 25 · 26 · 27 · · · 64. Let p ≥ 7 be a prime dividing 25·26·27 · · · 64. We find that the slope of right most edge of NP p (g n (x)) < 1. Since the slope of the right most edge of NP p (ψ n (x)) is at most equal to that of
n (x)), we see the the slope of the right most edge of NP p (ψ n (x)) are given below. NP 2 (g n (x)) = {(0, 0), (10, 2), (35, 8), (39, 9) , (40, 10)}.
In each of the above cases, NP p (g (α) n (x)) has lattice points which give edges of length 1 and slope 1. Here we consider x + 30 as a possible linear factor. Equating the remainder obtained by dividing ψ n (x) then we observe that x − 30 is a factor of −ψ (α) n (−x). The details of the linear factors for other pairs (n, α) ∈ Ω are given in Table 1 .
Lemma 3.7. Let P (n) ≥ 3, ν 3 (n) = 1, n > 50 and α ∈ {24, 25}. Then ψ (α) n (x) has no linear factor except when (n, α) = (120, 24).
Proof. Let α = 24 and ν 3 (n) = 1. By Lemma 3.1, we may assume that if p|n(n + α), then either p|(α + 1) or p 2 − p < α. (9) Thus P (n(n + 24)) ≤ 5. By Lemma 3.2, we may assume that ν 5 (n) ≤ 1. Thus we have
where α 1 , α 2 , β 2 , γ 1 , γ 2 are non-negative integers. Let γ 1 = 0. Then n = 2 α 1 · 3 > 50 implies α 1 ≥ 5. Thus α 2 =ord 2 (n + 24) = 3. Thus the above equations give
We solve this equation using Lemma 2.6. From now onwards, we solve the diophantine equation x + y = z with x ≤ y, P (xyz) ≤ 13 and gcd(x, y) = 1 by using Lemma 2.6 without reference. Therefore α 1 − 3 ≤ 12, β 2 − 1 ≤ 7, γ 2 ≤ 5. Further the table mentioned in Lemma 2.6 does not give any solution to (12) . Thus using the above bounds for α 1 , β 2 and γ 2 in (12), we get n ∈ {3, 6, 12, 24, 30, 120, 1920} and this is a contradiction as n > 50 and γ 1 = 0. Therefore we can assume that γ 1 = 1 and consequently γ 2 = 0. Further α 1 ≥ 2 since n > 50. If α 1 ∈ {2, 3}, then n ∈ {60, 120} and assume that α 1 ≥ 4. Thus α 2 = ord 2 (n + 24) = 3 and n + 24 = 2 3 · 3 β 2 > 74 implying β 2 ≥ 3. This together with (10) give
We use Lemma 2.6 to get n = 1920. Thus we have n ∈ {60, 120, 1920}. When (n, α) = (60, 24),
n (x)) = {(0, 0), (7, 1) , (56, 9), (60, 10)} and when (n, α) = (1920, 24),
n (x)) = {(0, 0), (128, 127), (384, 382), (896, 893), (1920, 1916 )}. In both cases the slope of right most edge is < 1 and by Lemma 2.2 we conclude that ψ n (x) has no linear factor in these cases.
Let α = 25. Then by (9) , if p|n(n + 25), then p ∈ {2, 3, 5, 13}. Further by Lemma 3.2, we may assume that 5 ∤ n. Therefore, since n > 50, we have
By considering above equations modulo 8, we get 13 δ 2 ≡ 1 modulo 8 and hence δ 2 is even. Then
is not possible.
n (x) with (n, α) / ∈ Ω has no linear factor.
Proof. Let p|n and p ≥ 3 and (n, α) / ∈ Ω. Then n > 50 by Lemma 3.5. Further by Lemmas 3.2 and 3.7, we may assume that
Since ν p (n) ≥ 1, we have ν p (α + 1) ≥ 2. This gives α + 1 ∈ {18, 25, 27, 36, 45, 49, 50}. Also (9) is valid. Let α 1 , β 1 , γ 1 and α 2 , β 2 , γ 2 be non-negative integers.
Let α = 17. Then P (n(n + 17)) = 3 by (9). Therefore n = 2 α 1 · 3 by (13), P (n) ≥ 3 and n + 17 = 2 α 2 . Then α 2 = 0 implying α 1 = 0 which is a contradiction as n > 50.
Let α = 24. By (9), (13) and P (n) ≥ 3, we have n = 2 α 1 · 5 and n + 24 = 2 α 2 . Since n > 50, α 1 ≥ 4. Thus α 2 =ord 2 (n + 24) = 3 which is a contradiction since n > 50.
Let α = 26. By (9), we have P (n(n + 26)) ≤ 5. This together with (13), n > 50 and P (n) ≥ 3 give n = 2 α 1 3 β 1 with β 1 ∈ {1, 2}, α 1 ≥ 3 and n + 26 = 2 α 2 5 γ 2 . Since α 1 ≥ 3, we have α 2 =ord 2 (n + 26) = 1. This gives
Let α 1 ≥ 4. Consider the above equation modulus 8. We have 5 ≡ 5 γ 2 (mod 8) implying γ 2 is odd. On the other hand if we consider modulus 3, we have 1 ≡ 5 γ 2 (mod 3) implying γ 2 is even. Therefore we can assume that α 1 = 3 and this gives n = 72 since n > 50. Then n + 26 = 98 and hence P (n(n + 26)) = 7 > 5. which is not possible.
Let α = 35. By (9), we have P (n(n + 35)) ≤ 5. Then by (13) and P (n) ≥ 3, we have n = 2 α 1 · 3 and n + 35 = 2 α 2 . Then α 1 = 0 and n = 3 which contradicts n > 50.
Let α = 44. Then by (9), P (n) ≥ 3 and by (13), we have n = 2 α 1 · 3 with α 1 ≥ 5 since n > 50. Further n + 44 = 2 α 2 5 γ 2 7 δ 2 with α 2 = 2. Then we have
We check the solutions of this equation by Lemma 2.6 and we get n = 96 since n > 50. For (n, α) = (96, 44), we apply Lemma 2.2 with p = 7 to conclude that ψ (α)
n (x) has no linear factor.
Let α = 48. Then by (9) , (13) and P (n) ≥ 3, we have n = 2 α 1 ·7 and n+48 = 2 α 2 5 γ 2 . If α 1 = 3, then n = 56, n+48 = 104 and 13|(n+48) and by (9), this is not possible. If α 1 = 4, then n = 112 and (n, α) = (112, 48) ∈ Ω. If α 1 = 5, then n = 224, n+48 = 272 and 17|(n + 48) and this is not possible by (9) . Thus α 1 ≥ 6. Then α 2 = 4 and we
Taking congruent modulo 4, we conclude that the above equation has no solution.
Let α = 49. By (9), P (n) ≥ 3, n > 50 and (13), we have n = 2 α 1 · 5 with α 1 ≥ 4. Thus n + 49 = 3 β 2 and we have
By considering the above equation modulo 8, we get β 2 even. Then
This implies 3 β 2 /2 − 7 ∈ {2, 4, 10, 20} which does not give solution to the above equation.
Proof of Theorem 1: Let 11 ≤ α ≤ 50 and ψ ∈ Ω. By Lemmas 3.5 and 3.8, we may assume that n > 50 and P (n) = 2. Then n = 2 r > α. Consider g
n (x). The leading coefficient of g
n (x) is 1 and its constant term is (n + α)(n + α − 1) · · · (1 + α). We apply Lemma 2.8 to see that
n (x)) is the edge joining (0, 0) and (n, n − 1). Therefore
n (x)) has only one edge with no lattice point. Thus ψ (α) n (x) is irreducible and in particular it has no linear factor. Now we apply Lemma 3.6 to complete the proof of Theorem 1.
Proof of Theorem 3
The proof depends on the following result which is analogous to a result for G α (x) = G and a 0 , a 1 , . . . , a n ∈ Z. Suppose there is a prime p with
(1 + 2u + 2l) satisfying p > max(2k, 1 + 2(u + 1)) and p ∤ a 0 a n .
Then ψ (α)
n (x 2 ) does not have a factor of degree in {2k − 1, 2k}. Further when n is odd and
n (x 2 ) does not have a factor of degree n = 2k + 1.
Proof of Theorem 3:
Assume that ψ
Then by Lemma 2.4, (u, n) ∈ {(1, 12), (6, 7) , (9, 113) , (10, 3) , (21, 101)} if l = 3, or (u, n) ∈ S if l = 4 or (u, n) = (44, 79) if l = 6. We apply Lemma 4.1 to exclude these possibilities except for (u, n, l) = (4, 9, 4). Hence we may assume that l ≤ 2. Then by Lemma 2.5, we have (u, n) ∈ T 0 .
Let (u, n) = (38, 2). We may assume that ψ
n (x 2 ) has no linear factor. If not, we get a rational root r/s, with r, s ∈ Z, gcd(r, s) = 1, s > 0, of x 4 + 162ax 2 ± 6399 = x 4 + 2 · 9 2 ax 2 ± 9 2 · 79. Hence r 4 + 2 · 9 2 ar 2 s 2 ± 9 2 · 79s 4 = 0 giving s = 1 and further r 2 |9 2 · 79. Also 9 2 |r 4 and hence r 2 ∈ {3 2 , 9 2 }. We have r 2 = 9 2 else r 4 = 9 4 |9 2 · 79 which is not possible. Thus r 2 = 3 2 and we obtain 1 + 18a ± 79 = 0 or 18a ∈ {−80, 78} which is not possible. Hence ψ (α) n (x 2 ) has no linear factor. Assume it has an irreducible factor of degree 2. Then, we can write 
2 − y 2 = (9a − y)(9a + y) for some y > 1. Then 9a − y = ±1 and 9a + y = ±79 giving 9a = (±1 ± 79)/2 which is not possible. Thus ψ
Let (u, n) ∈ T 0 − {(38, 2)}. For all these pairs (u, n) we apply Lemma 2.2 with suitable primes to conclude that ψ (α) n (x 2 ) does not have factor in degree 1. Hence we may assume that ψ (α) n (x 2 ) has a factor of degree 2 for all (u, n) ∈ T 0 − {(38, 2)}. Let (u, n) ∈ {(35, 2), (36, 2 6 )}. We apply Lemma 2.2 with p = 3 for (u, n) = (35, 2) and p = 67 for (u, n) = (36, 2 6 ) to conclude that ψ (α)
n (x 2 ) does not have factor in degree 2. For (u, n) = (11, 2), we find that vertices of NP 3 (g n (x 2 )) are given by {(0, 0), (4, 3)} and therefore NP 3 (g(x 2 )) is same as NP 3 (ψ 
n (x 2 ) does not have factor of degree 2 when (u, n) = (11, 2) . For all other pairs (u, n), we can always find integers a 0 , a 1 , . . . , a n with |a 0 | = |a n | = 1 such that ψ n (x 2 ) has a quadratic factor except for (u, n) = (44, 2 12 ) (see Table 2 ) by the method described in Lemma 3.6.
Proof of Corollary 1.1:
where u is an integer. Suppose ψ n (x 2 ) has a factor of degree 2k. Therefore by Theorem 3, we have (u, n) ∈ Ω 1 , k = 1 and the assertion follows from Theorem 3 immediately.
Galois Groups: Proof of Theorem 2
We will use a result of Hajir [5] which gives a criterion for an irreducible polynomial to have large Galois group using Newton polygons. We restate the result which is [5, Lemma 3.1].
be an irreducible polynomial of degree m. Let p be a prime with
Then the Galois group of f contains A m . Further Galois group is A m if disc(f ) ∈ Q * 2 and S m otherwise.
We shall always assume that α = u + 1 2 in this section where u is an integer ≥ 1. We define
We observe that L (u)
n (−x) and thus the Galois group of L (u)
n (x) and L (α) n (x) are same.
We shall be applying the above lemma with
We write D
where δ = 0 if n ≡ 0, 1(mod 4) and 1 if n ≡ 2, 3(mod 4). Observe that b is never a square when n ≡ 2, 3(mod 4). In the next lemma, we find all pairs (u, n) such that b is a square. ). Further x > max(n − 1 + η, 2u + 4). Therefore by Lemma 2.9, the interval (max(n − 1 + η, 2u + 4), 1 + 2(u + n − η)] contains a prime p congruent to 1 + 2u modulo 4. Further 2p > 1 + 2(u + n − η) since p > x. Hence b is not a square. Therefore we may now suppose that x = (1 + 2(u + n − η))/1.048 < 887 or 1 + 2(u + n − η) ≤ 929.
We have 8(u + n)/7 ≥ 2u if u ≤ 4n/3. Hence taking m = 1 + 2(u + n − η), we get that 4m/7 + 5 ≥ 2u + 5 − 4/7 > 2u + 4 if u ≤ 4n/3. Also 4m/7 + 5 > n. For m ≥ 158, we also have 4m/7 ≥ 2 · 45. Hence for 158 ≤ m ≤ 929, we check that the interval (4m/7 + 5, m] contain both primes congruent to 1 and 3 modulo 4. Thus we may suppose that m = 1 + 2(u + n − η) ≤ 157.
Let 2u + 4 ≤ n. Then max(2u + 4, n) = n < m/2. For 7 ≤ m ≤ 157 and m odd, we check that the interval (m/2, m] contain both primes congruent to 1 and 3 modulo 4 except for m = 11. Hence for 1 + 2(u + n − η) ≤ 157, b is not a square except when 1 + 2(u + n − η) = 11 or 1 + 2(u + n) ≤ 6. These cases can be excluded since n ≥ 2u + 4.
Let n ≤ 2u + 3. Then 3n − 2 − 2η ≤ 1 + 2(u + n − η) ≤ 157. Thus n ≤ 53. We check that for primes ≤ 157, gaps between consecutive primes in the same residue modulo 4 is at most 24. Hence from (14), we obtain that b is not square if 2(n − 1) ≥ 24 or n ≥ 13. Thus we may suppose that n ≤ 12. Then n ∈ {1, 4, 5, 8, 9, 12}. For these values of n, we have u ≤ max(45, 4n/3) = 45 and we check that b is not a square unless (u, n) = (u, 1) where 1 ≤ u ≤ 45. Hence the assertion. (1 + 2(u + l)), (15) then the Galois group of L (u) n (x) is S n .
Proof. We apply Lemma 5.1 with f (x) = L (u) n (x). Then c j = (1 + 2(u + n))(1 + 2(u + n − 1)) · · · (1 + 2(u + j + 1)).
Since n/2 < p < n − 2, there are at most 2 terms in 1 + 2(u + 1), . . . , 1 + 2(u + n) divisible by p. By (15) and 2p − n < p, there is exactly one l p with n − p + 1 ≤ l p ≤ p and p||(1 + 2(u + l p )). This together with l p − p ≤ 0 and l p + p > n implies 1 + 2(u + l p ) is the only term exactly divisible by p in 1 + 2(u + 1), . . . , 1 + 2(u + n). Hence p ∤ c p since l p ≤ p. Further for 0 ≤ j ≤ n − p, we have ord p (c j ) =ord p (1 + 2(u + l p )) = 1. n (x) is S n .
Case IV: Let u be such that 5P 2 ≤ 1 + 2(u + n) < 7P 1 . Taking p = P 1 , we get 5p < 5P 2 ≤ 1 + 2(u + n) = t p p + r p < 7p giving t p = 5. This gives 5P 2 ≤ (5 −2)P 1 + 2n i.e 3P 2 − P 1 + 2(P 2 − P 1 ) ≤ 2n which contradicts (17).
Thus 1 + 2(u + n) ≥ 7P 1 . Since P 1 > 2n/3, we have P 1 ≥ 2n/3 + 1/3 giving 1 + 2(u + n) ≥ 7(2n/3 + 1/3) implying u > 4n/3. Since u ≤ max(45, 4n/3) and n ≥ 130, this is not possible. Hence the assertion.
Proof of Theorem 2: By [9, Corollary 1.1], we see that L (u) n (x) is irreducible except for (u, n) = (10, 3). For (u, n) = (10, 3), we check that the Galois group is Z 2 . For (u, n) = (10, 3), the assertion now follows from Lemma 5.4.
